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Communicated by the Editors 
The discrete and continuous parameter forms of the mean ergodic theorem 
conclude that 
f  “z’ T”x -+ P.u, ; j; T(t)x dt + Px 
n=O 
as N -+ oc, or r --t co. The ergodic limit P is shown to depend continuously on the 
operator Tin the discrete case or on the infinitesimal generator A of the semigroup 
Tin the continuous case. These results are motivated by recent investigations into 
the asymptotics of Markov chains. 8 1990 Academic Press, Inc. 
1. INTRODUCTION 
Let T be either a power bounded operator on a Banach space (i.e., 
sup{ 1) T”(I : n = 0, 1, 2, . ..} < co ) or a uniformly bounded strongly continuous 
(or (C,)) semigroup of operators (i.e., T= {T(t): t > 0}, sup{ 11 T(t)11 : 
t > 0} < co). The mean ergodic theorem says that for certain vectors x, 
L; 
N+ 1 ,,=o 
T”x -+ Px as N-co 
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in the first case, and 
1 T - 
f 
T(t)x dt + Px as r+co, 
7 0 
in the (Co) semigroup case, where P is a bounded projection constructed 
from T. A natural question to ask is: In what sense does P depend 
continuously on T? In the continuous parameter semigroup case a more 
useful form of the question is: In what sense does P depend continuously 
on the infinitesimal generator A of T? 
Such questions have been studied in the context of discrete parameter 
finite Markov chains. See, for example, Seneta [7] which contains 
references to relevant papers by R. E. Funderlic and C. D. Meyer, P. J. 
Schweitzer, E. Seneta, and C. P. Tan. We shall consider these questions 
from an operator theoretic point of view; we do not restrict ourselves to 
finite dimensions. 
2. THE MEAN ERGODIC THEOREM 
Let T be a power bounded operator on a Banach space X and let 
M=sup{IIT”II:n=O, 1,2 ,... >. 
For y E X we have the telescoping series 
t& f T”[(Z- T)y] =&(y- TN+‘y)+O 
fZ=O 
as iV+ co. If T-x=x, then (l/(N+ l))Cr=‘=, T”x=x for all N. Thus 
if XEN(Z- T) 
if XE~(Z- T), 
where .N (resp. 9) denotes null space (resp. range). Moreover, 
(l/(N+l))Cf=O T”x+OasN+co for allxE.%?(Z-T), hencea(Z-T)n 
N(Z- T)= (0). If x=x,+x, is the unique decomposition of 
x E X0 := %?(Z- T) @ Jr/-(Z- T) with xi E %?(Z- T) and x2 E Jlr(Z- T), then 
Px = x2 defines the projection of X0 onto N(Z- T) along 9(Z- T). 
Moreover, 11 P(I < M. Thus we have the following result. 
MEAN ERGODIC THEOREM. Let T be a power bounded operator on X, and 
let X0 be the direct sum 9(Z- T)@A’“(Z- T). Then 
T”x + Px (1) 
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as N -+ 00 where P is the projection of X0 onto JV( I - T) along B?( I - T). If 
.4!( I- T) is closed, then the convergence in ( 1) is unntform in x E X0. 
Moreover, 
1 d llP/l 6 M= sup{ 11 T”II :n = 0, 1, 2, . ..} 
unless P = 0. Finally, X0 = X when X is reflexive. 
The last sentence follows from the facts that Jlr(L)l= W(L*), N(L*) = 
.3?(L)’ for a bounded linear operator L on a reflexive Banach space. Thus, 
X,l= {A’-(Z- T)@W(I- T)}’ 
= Jlr(I- T)’ n B(Z- T).L 
= 9?(Z- T*) n ,V(I- T*) = (O}, 
since T* is power bounded on X*. Whence X=X,. The uniformity of the 
convergence when W(Z-- T) is closed follows from an argument using the 
closed graph theorem; see the paragraph at the end of this section. These 
arguments are well known (cf., e.g., Larch [S], Krengel [4]). 
The (C,) semigroup case is similar (see [2 or 1 I). The null space of 
I-T (resp. &!(I-T)) is replaced by N(A)= {xE~(A):Ax=O}= 
{xEX:T(t)x= f x or all t > 0}, where A is the generator of T (resp. by 
&?(A)). The analogue of the telescoping series argument is the following 
calculation using the fundamental theorem of calculus: 
:J; T(t)Axdt=$‘(r)x-x). (2) 
MEAN ERC~DIC THEOREM ((C,) semigroup case). Let T be a uniformly 
bounded (C,) semigroup on X with generator A. Let X0 be the direct sum 
X0 = 8(A) @ N(A). Then 
1 T - 
I T(t)x dt -+ Px T 0 
(3) 
as 7 -+ 00 for all x E X0, where P is the projection of X0 onto &‘+(A) along 
B?(A). If %‘(A) is closed, the convergence in (3) is untform in XE X0 as 
5 + co. Moreover, 
unless P = 0. Finally, X0 = X if X is reflexive. 
The uniform convergence in the case where A has closed range can be 
obtained from the following argument. Suppose W(A) = Y is closed in X. 
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Then Al ;’ : Y + Dam(A) is bounded by the closed graph theorem. Let 
x E X0 = Y@ M(A); then x = Ax, + x2 for some x1 E Y and x2 E N(A), and 
&q,,,=g; T(t)xdt 
But by (2) 
= d(T) Ax, + d(r)x, 
= d(T) Ax, +x2. 
1 
d(5)Ax,=;(T(t)xl-xl)=- T(+zAl -, 
T y AXI 
and we have 
IId Ax,ll <y IlAl ;‘I1 IlAx~ll 
<r-‘K jlAx,I/. 
Hence, it follows that 
IL@‘(~)-J’II 6K,lr 
and so (l/~) s; T(t)x dt + Px uniformly for x E X0 if W(A) is closed. 
3. CONTINUOUS DEPENDENCE IN THE DISCRETE PARAMETER CASE 
For j= 0, 1, let Tj be a power bounded operator on X, let Mj = 
sup{ IIT,?ll :n =O, 1, 2, . ..}. and let Xj=%?(Z- Tj)@M(Z- T,). In order to 
simplify the exposition we assume X, =X,, = A’; this hypothesis can be 
dropped at the cost of a more complicated version of Theorem 1. By the 
mean ergodic theorem, for all x E X, 
y& $ (T;-T,“b+(P,-Pob (4) 
n-0 
as N+ co, where P, is the projection of X onto JV(Z- Tj) along %?(Z- Tj). 
Let x = (I- To) y + z E a(Z- To) @ .M(Z- To). We claim that 
(PI-P,)x=P,(T,-T,)y+P,z-z. 
Clearly Pox = z and 
P,x = P,(Z- To) y + P,z. 
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On the other hand, 
P,(Z- T, ) y = 0. 
Consequently, 
and the claim is established. 
Thus we conclude that for y E X, ZE ,+‘(I- T,), and .‘c = (I- T,) y + ;, 
& : (T-T,“) x+(P,-P,)x=P,(T,-T,)y+P,z-2 (5) 
,I = 0 
Assume that Y = %?(Z- To) is closed. Then by the closed graph theorem, 
the injective continuous mapping (I- T,)I y from Y onto itself has a 
bounded inverse, call it S. Then, by (5), using z = Pox, 
(PI -P&- (P, -I) Pox= P,(T, - To)) 
=P,(T, - To) S(x-2) 
= P,( T, - To) S(Z- P,)x. 
Consequently, 
P,(Z- P,)x = P,(T, - To) S(Z- P,)x. (6) 
By continuity this holds for all x E X. The following result has now been 
established. 
THEOREM 1. For j = 0, 1 let T, be a power bounded operator on X such 
that 9?(Z- Tj)@M(Z- T,) = X. Let P, be the projection of X onto 
Jr/-(Z- T,) along W(Z- T,). Suppose Y=S?(Z- To) is closed; let S be the 
bounded operator (I- To)1 ; I. Then for all x E X, 
IIP,(z- f’o)xll GM, ll(T, - To) S(z-- Pobll, (7) 
where M,=sup{]ITJ/:n=O, 1,2, . ..}. 
The last estimate is a trivial consequence of (6), as is 
lIf’,(I- f’o)lI d MI IISII (MO + 1) II T, - Toll, 
where MO = sup{ (I TJ :n = 0, 1, 2, . ..}. Fix T,,. Varying T, we conclude that 
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P,(Z-- P,) +O as T, + T,,, with both convergences holding in either the 
uniform operator topology or the strong operator topology. 
If X is reflexive and also Z=g(Z- Tp) is closed, let $=(I- T:)lg’. 
Then 
IIP, - Poll = IlP,(Z- PO) + (PI - OP,II 
G IIP,(I- Po)ll + ll(P, - ~)~,lI 
= IW,V- P,)lI + IIf%- P?,ll 
GM, Il(T, - To) W-Po)ll 
+M, IIK-T:)$I-f’:)ll b(7). 
Since II ( T: - T,*) 11 = II ( T, - To) 11, it follows that 
IIP, -Poll 6 const II T, - Toll. (8) 
The constant depends only on SUP~,~ /I T,?II and 11 (I- To)/ ; ’ 11, 
lItI- T:)l,‘ll. 
4. CONTINUOUS DEPENDENCE IN THE CONTINUOUS PARAMETER CASE 
For j = 0, 1, let T, = {T,(t) : t 2 0} be a uniformly bounded (C,) semi- 
group on X with generator Aj and let it4,= sup{ IIT,(t)ll :t 20). For 
simplicity suppose S2(Aj) @ N(Aj) = X for j = 0, 1. Assume 
A,=A,B for some B E 93(X), (9) 
i.e., for some bounded linear operator on X. We regard the smallness of 
B - Z as a measure of the closeness of A i and A,. 
By the mean ergodic theorem, for each x E X, 
;j’(T,(t)x-T,,(t)x)dt+(P,-P,)x 
as r + co. We claim that 
(P, - P,)x = (P, - Z)(Z- B) P,x 
for each XE X. It is sufficient to prove this for vectors of the form 
x = A, y + z in the dense set 52(A,) @ &‘“(A,). Then 
P,x = 2, 
P,x=(P,A,)y+P,z=P,A,B~,.+P,z=P,z 
From (10) and (11) we deduce 
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by (9). Hence, 
P,x-P,x=P,z-z=(P,-Z)P,x. 
On the other hand, Bz E &‘(A i) because 
A,Bz=A,z=O. 
So P, Bz = Bz, and 
(PI-Z) Bz=O. 
(10) 
(11) 
P,x-P,,x=(P,-Z)P,x-(P,-Z)Bz 
= (P, - Z)(P,x - BP,x) 
= (P, - Z)(Z- B) P,x, 
as was claimed. Thus we have established the following theorem. 
THEOREM 2. For j= 0, 1 let Aj generate a uniformly bounded (C,) semi- 
group on X such that %‘(Aj) @ J1’(Aj) = X. Assume that A, = A, B for some 
B E g(X). Then for all x E X, 
56 T,(t)xdt+P,x 
as z-co forj=O, 1, and 
(P, - P,)x= (P, -Z)(Z- B) P,x. 
In particular, for all x E X, 
ll(f’, - f’dxll G Mz lItI- B) Poxll, 
IV’, -Poll GM, III- 41, (10) 
where M,=sup(IIT,(t)ll:t>O} forj=O, 1 and M,=M,+l, M,=M,M,. 
Moreover, M2 can be taken to be 1 if X is a Hilbert space and M, = 1. 
Thus, for A, fixed and if A, -+ A, in the sense that B + Z in either the 
strong or uniform operator topology, then P, + P, in the same topology. 
5. EXAMPLES 
We conclude with some simple examples illustrating Theorems 1 and 2 
and we relate the theory to Markov chains. 
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EXAMPLE 1. For j= 0, 1 let Tj be a contraction in g(X), i.e., 11 T, 11 < 1. 
ForO<cr<l let T,=aT,+(l--a)T,.IfXisreflexiveandif Y=S?(Z-To) 
is closed, then, by Theorem 1, 
IIP,U- Po)ll G a ll(T, - Td S,(Z- f’o)ll, 
where So = (I- To)1 ;’ and P, is the ergodic projection for T,. Thus P, 
converges to P, in the uniform operator topology on Y( =9(Z- To)) as 
u-+0+ at a rate O(U). 
To show that the convergence takes place uniformly on all of X, suppose 
in addition that X is a Hilbert space and .!%‘(Z- T,) is closed. Let M= 
(xeX:(T, - T,)xE Y}, fi= {xeX:(T1 - T,,)xeN(Z- To)). Then M, fi 
are closed subspaces and MO fi= X. If Q denotes the (orthogonal) 
projection onto M along fi, then 
Z-T,=Z-To-cr(T,-To) 
= V- Td-G,Q(T, - To))- [W- Q)(TI - To)1 
rJ, - Jz. 
A geometrical series consideration shows that J, has closed range for CI > 0 
sufficiently small. Moreover, a(J,) = Y. But if Jzx, -+ x, write x, = y, + 
z, E Y@ &“(I- To). Then 
w, = a(Z- Q)( T, - T,)x,. 
It follows that y, +y~ Y, w,-+x, and 
w, = W- QNT, - To) Y, + W- Q)(T, -Z)z, 
-a(Z-Q)(T,-T,)y+ lim cr(Z-Q)(T,-Z)z,. 
n-m 
This last limit is of the form cr(Z- Q)( T, -I).?, since 9(Z- T,) is assumed 
to be closed. A simple argument then gives 2, --) 2, where 2, = pz,, Zs being 
the orthogonal projection onto N(Z- To) n N(Z- T,). Thus 
JAY, + z”,) +x, y,+2,+ y+z, J2( y + 5) = x. 
This proves that I- T, has closed range, for 0 < tl 4 1. Moreover, from (8) 
we have 
II pm - Poll G Kc! 
for sufficiently small positive a, where the constant K is independent of ~1. 
Thus P, converges to P, in the uniform operator topology at the rate 
O(a). 
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EXAMPLE 2. For j = 0, 1 let Aj generate a (C,) contraction semigroup 
Aj on a reflexive Banach space X. Suppose also that Dom(A i ) 1 Dom(A,). 
Then, by the closed graph theorem, there are constants a,, 6, > 0 such that 
II-4 1-4 6 a, ll&xll + b, Ilxll 
holds for all x E Dom(A,). Thus if 
A,=aA,+(l-a)A,, 
we have 
IlaA~xll G tlC(ala) - ll( 1 - ~1 Aoxll + b,a llxll 
for all xEDom(A,). Choose 0<6< 1 so small that &,(l-6))‘~ 1. Then 
by semigroup perturbation theory (cf. [ 1, p. 38]), A, generates a (C,) 
contraction semigroup for 0 < ci Q 6. 
Assume that there is a B, ELZ?(X) such that A, = A,B, and OE p(B,). 
(The invertibility of B, is a natural assumption if we think of B, as being 
close to the identity.) Set 
B,=B,(d+(l-cl)B,)-‘. (11) 
Then B, is a well-defined operator in g(X) for 0 < tl6 6, and for some 6, E 
(0, S]. (This follows from the fact that B, is bounded and has a bounded 
inverse.) Then for 0 < CI < 6,, 
A.B,=(aA,+(l-a)A,)B,(crZ+(l-cl)B,)-’ 
=A,(crZ+(l-a)Bl)(cd+(l-a)B,)-l=A,. 
Now we may apply Theorem 2. If 0 < a < 1 and if P, is the ergodic projec- 
tion for A,, then by (10) and (1 1 ), 
IV, - Poll d M, II&-III 
=M, IIIB,-(crZ+(l-a)B,)](aZ+(l-a)B,)-l/I 
<M,a Il(aZ+ (1 -M) BI)-‘II III-B,11 
= O(L7) as a-+0+. 
In the above example we assumed that both A,, and A, generate contrac- 
tion semigroups. Thus, if a convex combination CXA, + (1 - CI) A, generates 
a (C,) semigroup T,, then necessarily T, is a contraction semigroup. 
Similar remarks apply to the discrete example. However, if To and T, are 
both uniformly bounded, then T, need not be. For a counterexample see 
Trotter [S]. 
ERGODIC LIMITS 159 
EXAMPLE 3. Suppose r, = (pi) and T, = (pi) are n x n irreducible 
stochastic matrices. Then there exist unique vectors 5’ and t1 in R” for To 
and T1 respectively satisfying 5’ = (l{, . . . . <i)‘, <i > 0 for each j and k, 
(rj)T Tj= (lj)T (i.e., Tj*tj= s;i), and xi! 1 t! = 1 forj=O, 1. Furthermore, 
Jlr(Z- T,*) = span(l’). 
For X take the Banach space R” with norm 11511, = (C;=l l&..P)“p, 1~ 
PC ~0, and 11511, =max{lt,l, . . . . l&l }. Relative to each of these norms on 
R”, 11 T, )I = 1. By the mean ergodic theorem, (l/(N + 1)) C,“=, TT + Pj, 
where Pj is a rank one projection of norm one. Furthermore, %?(Z- Tj) is 
closed, and the convergence to Pi is uniform. Moreover, since 1) Pi )I = 1, we 
conclude Pj=P;“. Since (~j)‘(T~~)=(5’)‘f=C[t=1 t{f,, the average of 
Ty f with respect to the distribution lj is independent of m = 0, 1,2, . . . 
for each f E R”. Thus 5’ is the unique stationary distribution associated 
with Tj. 
We wish to show that tj, the stationary distribution, depends con- 
tinuously on Tj. This is the sort of result which follows from Seneta’s 
estimates [7]. 
First we replace 5’ by #= cjti, where cj= (xi=, 15i12)-1’2. Thus # is 
a positive multiple of tj, normalized to a unit vector in Z2 norm. The nor- 
malization of <j as a unit vector in I’ norm enables its interpretation as a 
probability distribution. Since Pi is a selfadjoint projection relative to the 
I2 norm, we have P, = #Q $, i.e., P,x = (x, #) #. Thus if e = (1, . . . . 1 )‘, 
then 
(13) 
Now let T” = (~7) be an n x n stochastic matrix (m = 0, 1, 2, . ..) as above 
such that T” + To as m + co. If 5” is the stationary distribution deter- 
mined by T” and if c, = Ilt”ll ;I, then (9) and (13) imply 
as m + co, where qrn = c,tm. Since qm (resp. 5”) is, for m 2 0, a unit vector 
in I’ (resp. I’), we conclude that c, -+ co and $” -+ q”, whence <” + C;‘. 
Remarks. Let T be a positive irreducible operator or a positive 
irreducible (Co) semigroup on R” which leaves e = (1, 1, . . . . l)T invariant. 
By Perron-Frobenius theory (cf. Nagel et al. [6]) there is a vector 
t = ((1, . . . . t,JT~R” with ti > 0 such that Tnl = 5 or T( t)t = 5 for all n E N 
(or all t E R + ). Moreover, any other eigenvalue of T (or of T(t) for t > 0) 
has modulus less than one. Thus the ergodic projection P for T is the 
orthogonal projection into the span of 5. In different notation, P = u @q 
where q = (u,, . . . . qn)=, ql = tJ(c;=, (j)“*. If T,,, + T (or if A, + A in the 
683/32/l-11 
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(C,) semigroup case), where T,,, is also positive and irreducible, then per- 
turbation theory for matrices (cf. Kato [3]) implies that the corresponding 
simple I l-normalized eigenvectors 5, and ergodic projections P, converge 
respectively to the < and P associated with T. This provides an alternative 
approach to Example 3. 
If, however, T is a positive irreducible operator or a positive irreducible 
(C,) semigroup corresponding to a countably infinite state Markov chain, 
then T can be viewed as acting on an appropriate sequence space 1 p for 
1~ p Q co. In this case, Perron-Frobenius theory does not give such clean 
results as in the finite dimensional case. Thus, for instance, the spectrum 
of T (or of T(t)) can contain the whole unit circle {z E C: (z[ = 1 }. 
Nevertheless, our results (such as in the context of Example 1) apply to 
this case. 
ACKNOWLEDGMENTS 
We acknowledge with thanks the partial support of NSF Grant DMS-86-20148 (JAG) and 
the Louisiana Education Quality Support Fund, Contract 86-LBR-01604 (GRR). We thank 
Giinther Greiner, Rainer Nagel, and Branko Najman for their helpful comments. Finally, we 
acknowledge the referee’s helpful suggestions, which resulted in shorter proofs. 
REFERENCES 
[ 1 ] GOLDSTEIN, J. A. (1985). Semigroups of Linear Operators and Applications. Oxford Univ. 
Press, New York. 
[2] GOLDSTEIN, J. A., RADIN, C., AND SHOWALTER, R. E. (1978). Convergence rates of 
ergodic limits for semigroups and cosine functions. Semigroup Forum 16, 89-95. 
[3] KATO, T. (1966). Perturbation Theory for Linear Operators. Springer-Verlag, New York. 
[4] KRENGEL, U. (1985). Ergodic Theorems. de Gruyter, Berlin. 
[S] LORCH, E. R. (1962). Spectral Theory. Oxford University Press, New York. 
[6] NAGEL, R. (Ed.). (1986). One-Parameter Semigroups of Positive Operafors. Lecture Notes 
in Math., Vol. 1184. Springer-Verlag, Berlin. 
[7] SENETA, E. (1988). Perturbation of the stationary distribution measured by ergodicity 
coellicients. Ado. Appl. Probab. 20, 228-230. 
[8] TROT~R, H. F. (1959). On the product of semi-groups of operators. Proc. Amer. Math. 
sot. 10, 545-551. 
